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parabolic and elliptic equations in bounded domains of the n-
dimensional hyperbolic space (n  3). Lp → Lq estimates for
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solutions and nonuniqueness of singular solutions of the elliptic
problem; furthermore, for the corresponding semilinear parabolic
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1. Introduction
We investigate existence, uniqueness and nonuniqueness both of nonnegative solutions to semilin-
ear parabolic problems of the following type:
⎧⎨
⎩
∂tu = Hu + uν in Ω × (0, T ] =: Q T ,
u = 0 in ∂Ω × (0, T ],
u = u0 in Ω × {0},
(1.1)
and of positive solutions to elliptic semilinear problems of the following type:
{
Hu + uν = 0 in BR ,
u = 0 on ∂BR;
(1.2)
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F. Punzo / J. Differential Equations 251 (2011) 1972–1989 1973here ν > 1,Ω is a bounded open subset of the n-dimensional hyperbolic space Hn (n  3) with
smooth boundary ∂Ω , H denotes the Laplace–Beltrami operator on Hn , u0 ∈ Lp(Ω) for some p  1
and u0  0; moreover, BR is the geodesic ball of Hn centered in 0 of radius R (see (2.4)).
An extensive literature has been devoted to the corresponding semilinear parabolic problem
⎧⎨
⎩
∂tu = u + uν in Ω × (0, T ],
u = 0 in ∂Ω × (0, T ],
u = u0 in Ω × {0},
(1.3)
when Ω is a bounded open subset of Rn . In particular, existence and uniqueness of local solutions
C([0, T ]; Lp(Ω)) have been addressed in [18], showing and then applying general results concerning
the initial value problem
{
u′ = Au(t) + J(u(t)),
u(0) = u0,
(1.4)
where u is a curve in a Banach space E , A is the inﬁnitesimal generator of a C0 semigroup {et A}t0
on E and J is a nonlinear function from a subset E J of E into E . An important step in the argument
used in [18] in the case A = , J (u) = |u|ν−1u, E J = Lpν(Ω) and E = Lp(Ω) is the estimate:
∥∥etφ∥∥q  C 1
t
n
2 (
1
p − 1q )
‖φ‖p for any t ∈ (0, T ) (1.5)
for every 1 p < q∞, φ ∈ Lp(Ω) and for some positive constant C .
Moreover, in [14] nonuniqueness of weak solutions in C([0, T ]; Lν(Ω)) to problem (1.3) is estab-
lished for ν = nn−2 . At ﬁrst it is proved that the semilinear elliptic problem{
u + uν = 0 in BR ,
u = 0 on ∂BR
(1.6)
has inﬁnitely many singular positive radial solutions when 1 < ν < n+2n−2 ; here and hereafter BR := {x ∈
R
n | |x| < R} (R > 0) and | · | stands for the standard Euclidean norm in Rn . Then, using results in [18],
it is shown that if ν = nn−2 and u0 is a singular solution to problem (1.6), then problem (1.1) besides
u0 has a time dependent solution which is bounded in Ω × (τ , T ) for any τ ∈ (0, T ).
Let us mention that, in [14], the existence of inﬁnitely many singular solutions to problem (1.6)
is obtained using uniqueness of positive classical solutions to the same problem. Such a uniqueness
result, which holds for every ν > 1, is well known (see [5]; see also [13,14]) and its proof consists of
two steps: at ﬁrst it is shown that any positive solution to problem (1.6) is radially symmetric, then
it is shown that the positive radial solution is unique; in the second step a scaling argument is used.
Recently, also semilinear parabolic and elliptic problems in Hn have been studied. In particular, in
[1] blow-up of solutions to the Cauchy problem
{
∂tu = Hu + h(t)|u|ν−1u in Hn × (0, T ],
u = u0 in Hn × {0},
(1.7)
where h is a positive continuous function in (0,∞) locally integrable in [0,∞), is investigated. Fur-
thermore, in [15] the blow-up rate of radially symmetric nonnegative solutions to problem (1.1) is
given. Moreover, it is worth mentioning that the linear Cauchy problem
{
∂tu = Hu in Hn × (0, T ],
nu = u0 in H × {0}
1974 F. Punzo / J. Differential Equations 251 (2011) 1972–1989has been the object of detailed investigations, using both analytical and probabilistic methods (see
[4,6–8]).
In this paper we shall extend to problem (1.1) the existence and uniqueness results given in [18]
for problem (1.3) (see Theorems 4.2, 4.4). To do this, at ﬁrst we derive an estimate similar to (1.5),
using properties of the semigroup generated by H (see Section 3), then we apply general results
proved in [18] for the Cauchy problem (1.4). Observe that in [1] a local existence and uniqueness
result for bounded solutions to problem (1.7) is given, while we are concerned with existence and
uniqueness of solutions in C([0, T ]; Lp(Ω)) with p  1 of problem (1.1).
Moreover, we shall prove nonuniqueness of weak solutions from the space C([0, T ]; Lν(Ω)) to
problem (1.1) with ν = nn−2 , following the same line of arguments of [14]. Thus, preliminary we prove
uniqueness of positive classical solutions to problem (1.6) with 1 < ν < n+2n−2 and nonuniqueness of
singular solutions to the same problem.
The uniqueness of positive solutions to problem (1.2) is proved as follows. At ﬁrst, by a result
in [10] (see also [11]) we deduce that every classical positive solution to problem (1.2) is radially
symmetric. Then we conclude applying general uniqueness criteria given in [12]. Differently from the
case of problem (1.6), we cannot apply a scaling argument, since the operator H (see (2.5)) does not
permit to do it.
Finally, notice that in [16] and [17] the existence of positive solutions of the Brezis–Nirenberg
problem on Hn
{
Hu + λu + u 2nn−2 = 0 in Ω,
u = 0 on ∂Ω
(1.8)
is established for suitable λ > 0; moreover, uniqueness is established when Ω = BR , using techniques
different from those we shall use (see Remark 5.6).
2. Geometrical background
In this section we recall some preliminaries from Riemannian geometry.
We will consider the ball model of the hyperbolic space Hn (see [3]). To be speciﬁc, we set Hn ≡ B1
endowed with the Riemannian metric
gij := 4
(1− |x|2)2 δi j (x ∈ B1; i, j = 1, . . . ,n); (2.1)
moreover, let
gij := (gij)−1, g := det(gij) (i, j = 1, . . . ,n).
As usual (see [3]), we set
∂B1 ≡ ∂Hn ≡ {∞}, Hn ≡ Hn ∪ ∂Hn = B1.
The Riemannian volume element is
dμ := √g dx1 dx2 . . .dxn = 2
n
(1− |x|2)n dx1 . . .dxn,
dx1 dx2 . . .dxn ≡ dx being the Lebesgue measure in Rn .
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ρ(x) :=
|x|∫
0
2
1− s2 ds = log
(
1+ |x|
1− |x|
) (
x ∈ Hn ≡ B1
); (2.2)
therefore
|x| = tanh
(
ρ(x)
2
)
,
2
1− |x|2 = 2
[
cosh
(
ρ(x)
2
)]2 (
x ∈ Hn).
Observe that the Laplace–Beltrami operator is given by the following
H ≡ 1√
g
n∑
i=1
∂
∂xi
(
√
g
n∑
j=1
gij
∂
∂x j
)
. (2.3)
Furthermore, from (2.2) and (2.3) we deduce
H = 1
4
(
1− |x|2)2 n∑
i=1
∂2
∂x2i
+ n − 2
2
(
1− |x|2) n∑
i=1
xi
∂
∂xi
.
For any r > 0 deﬁne
Br :=
{
x ∈ Hn ∣∣ ρ(x) < r}, Sr := {x ∈ Hn ∣∣ ρ(x) = r}. (2.4)
In view of (2.4), for any r ∈ (0,1),
Br = Blog( 1+r1−r ).
Let (ρ, θ) be polar geodesic coordinates in Hn \ {0}. Then in Hn \ {0} we have
ds2 :=
n∑
i, j=1
gij dxi dx j = dρ2 + (sinhρ)2 dθ;
moreover,
g = ∂
2
∂ρ2
+ (n − 1) cothρ ∂
∂ρ
+ 1
(sinhρ)2
θ, (2.5)
θ being the Laplace–Beltrami operator on the (n − 1)-dimensional sphere of Rn .
Furthermore, let dμ′ be the Riemannian volume element on submanifold of Hn of codimension 1.
We have for any r > 0
μ′(Sr) = ωn(sinh r)n−1,
where ωn is the area of the unit sphere of Rn .
1976 F. Punzo / J. Differential Equations 251 (2011) 1972–1989Observe that for any precompact region U ⊆ Hn with ∂U of class C1 and for any u, v ∈ C2(U ) ∩
C1(U ), the following Green’s formula holds true
∫
U
vu dμ =
∫
∂U
v〈∇gu, ν〉g dμ′ −
∫
U
〈∇gu,∇g v〉g dμ. (2.6)
Here the gradient ∇gu ≡ ((∇gu)1, . . . , (∇gu)n) is given by
(∇gu)i :=
n∑
j=1
gij
∂u
∂x j
(i = 1, . . . ,n);
〈·,·〉g is the inner Riemannian product and ν is the outer unit normal to U at ∂U .
3. Semigroup estimates
The operator −H (completed with Dirichlet homogeneous boundary conditions) is the generator
in L2(Ω) of the symmetric form
H[u1,u2] :=
∫
Ω
〈∇gu1,∇gu2〉g dμ
with domain
D(H) := H10(Ω).
It is easily seen that H is nonnegative and C∞0 (Ω) is a core for it. The operator −H is nonnegative
and self-adjoint, so that −H is the generator of a contraction holomorphic semigroup {e−Ht}t0
on L2(Ω). Furthermore, we have the following (see Section 5 in [4]; see also [9]):
Proposition 3.1. The semigroup {e−Ht}t0 on L2(Ω)
(i) is positive preserving;
(ii) can be extended to a positive contraction semigroup on Lp(Ω) for every p ∈ [1,∞];
(iii) can be extended to a holomorphic contraction semigroup in Lp(Ω) with angle
θp 
π
2
− arctan
( |p − 2|
2
√
p − 1
)
for every p ∈ (1,∞).
Analogously to Theorem 5.1.2 in [4] we deduce that {e−Ht}t0 has a positive kernel K0 ∈ C∞(Ω ×
Ω × (0,∞)), namely
(
e−Htφ
)
(x) =
∫
Ω
K0(x, y, t)φ(y)dμy (x ∈ Ω, t > 0) (3.1)
for every φ ∈ L2(Ω).
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on L2(Hn), for which Proposition 3.1 remains true (see [4] and [9]). Moreover, by Theorem 5.2.1 in [4]
the semigroup {T (t)}t0 has a positive kernel K ∈ C∞(Hn ×Hn × (0,∞)), namely
([
T (t)
]
φ
)
(x) =
∫
Ω
K (x, y, t)φ(y)dμy
(
x ∈ Hn, t > 0) (3.2)
for every φ ∈ L2(Hn).
In view of Theorem 5.7.2 in [4] (see also [8]) we have
1
cn
h
(
d(x, y), t
)
 K (x, y, t) cnh
(
d(x, y), t
)
, (3.3)
where cn is a positive constant depending on n and
h(d, t) := (4πt)− n2 e− n
2
4 t− n2d− d
2
4t (1+ dt) n2−1(1+ d) (d > 0, t > 0).
Another important feature of the semigroup {e−Ht}t0 is the content of the next
Proposition 3.2. For any T > 0 there exists C1 > 0 such that
∥∥e−Htφ∥∥∞  C1t− n2 ‖φ‖1 (3.4)
for any φ ∈ L1(Ω) and t ∈ (0, T ).
To prove Proposition 3.2 we need the next
Lemma 3.3. Let p ∈ [1,∞], φ ∈ Lp(Ω). We have:
([
T (t)
]
φ˜
)
(x) =
∫
Ω
K (x, y, t)φ(y)dμy (x ∈ Ω, t > 0), (3.5)
where
φ˜ :=
{
φ in Ω,
0 in Hn \ Ω.
Proof. If p  2, then (3.5) follows by (3.2). Now, suppose that p ∈ [1,2). Take a sequence {φm} ⊆
L2(Hn) such that φm ≡ 0 in Hn \ Ω for any m ∈ N and φm → φ as m → ∞ in Lp(Ω). Due to (3.3) we
have for any t > 0:
∥∥∥∥[T (t)]φ˜ −
∫
Ω
K (x, y, t)φ(y)dμy
∥∥∥∥
Lp(Ω)

∥∥[T (t)]φ˜ − [T (t)]φm∥∥Lp(Ω) +
∥∥∥∥[T (t)]φm −
∫
Ω
K (x, y, t)φ(y)dμy
∥∥∥∥
Lp(Ω)
 ‖φ − φm‖Lp(Ω) +
∥∥∥∥
∫
K (x, y, t)
∣∣φm(y) − φ(y)∣∣dμy
∥∥∥∥
Lp(Ω)Ω
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(
sup
Ω×Ω
K (x, y, t)
)
‖φm − φ‖Lp(Ω) → 0
as m → ∞. Hence the thesis follows. 
Proof of Proposition 3.2. Let φ ∈ L1(Ω). It is easily seen that
(
eHtφ
)
(x)
([
T (t)
]
φ˜
)
(x) for any x ∈ Ω; t > 0. (3.6)
In fact, the function (eHt)φ is a solution to problem
⎧⎨
⎩
∂tu = Hu in Q T ,
u = 0 in ∂Ω × (0, T ],
u = φ in Ω × {0},
(3.7)
while the function [T (t)]φ˜ is a solution to problem
{
∂tu = Hu in Hn × (0, T ],
u = φ˜ in Hn × {0}.
Since
([
T (t)
]
φ˜
)
(x) 0 for any x ∈ ∂Ω, t > 0,
and
φ˜ = φ in Ω,
the function [T (t)]φ˜ is also a supersolution to problem (3.7). By the comparison principle we get (3.6).
By (3.6) and (3.3) we have:
∥∥e−Htφ∥∥∞  ∥∥[T (t)]φ˜∥∥∞ 
∥∥∥∥
∫
Ω
K (x, y, t)φ(y)dμy
∥∥∥∥∞
 cnh
(
d(x, y), t
)‖φ‖1  C1t− n2 ‖φ‖1 for any t > 0,
where
C1 := cn(4π)− n2
[
1+ diam(Ω)T ] n2−1[1+ diam(Ω)];
this completes the proof. 
The estimate contained in the next proposition will play a key role in what follows.
Proposition 3.4. Let 1 p < q∞. Then for any T > 0 there exists C2 > 0 such that
∥∥e−Htφ∥∥q  C2
t
n
2 (
1
p − 1q )
‖φ‖p (3.8)
for any φ ∈ Lp(Ω) and t ∈ (0, T ).
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∥∥e−Htφ∥∥p  ‖φ‖p (3.9)
for any t ∈ (0, T ), φ ∈ Lp(Ω) and p  1.
Using the interpolation inequality, inequality (3.9) with p = 1 and (3.4), we have for any q ∈ [1,∞]
∥∥e−Htφ∥∥q  ∥∥e−Htφ∥∥ 1q1 ∥∥e−Htφ∥∥1− 1q∞  C1− 1q1 t− n2 (1− 1q )‖φ‖1.
By the previous inequality, inequality (3.9) with p = q, in view of the Riesz–Thorin theorem we get
(3.9) with C2 := C
1
p − 1q
1 . 
4. Existence and uniqueness of solutions of the semilinear parabolic problem
To study problem (1.1) we shall think of it as an abstract Cauchy problem, namely
{
u′ − Hu = uν,
u(0) = u0.
As a consequence we make the following
Deﬁnition 4.1. Let u0 ∈ Lp(Ω), p  1, u0  0, ν > 1. By a mild solution to problem (1.1) we mean any
nonnegative function u ∈ C([0, T ]; Lp(Ω)) ∩ C((0, T ]; Lpν(Ω)) ∩ L1((0, T ); Lpν(Ω)) such that
u(t) = e−Htu0 +
t∫
0
e−H (t−s)uν(s)ds
(
t ∈ [0, T )). (4.1)
For every 1 p  q deﬁne
a(p,q) := n
2
(
1
p
− 1
q
)
,
b(p,q) := p
q − p
[
1− a(p,q)].
When
n
2
ν − 1
ν
< p <
n
2
(ν − 1), (4.2)
we have the following existence and uniqueness result.
Theorem 4.2. Let ν > 1, p  1, u0 ∈ L n2 (ν−1) , u0  0; suppose that condition (4.2) is satisﬁed. Then, for some
T > 0, there exists a mild solution u ∈ C1((0, T ); Lp(Ω)) to problem (1.1) such that
∥∥tb(p,pν)u(t)∥∥pν  K for any t ∈ (0, T ), (4.3)
for some constant K > 0.
Moreover, if v is a mild solution to problem (1.1) satisfying condition (4.3) with u replaced by v, then
v(t) ≡ u(t) for any t ∈ [0, T ].
1980 F. Punzo / J. Differential Equations 251 (2011) 1972–1989Proof. Under the present hypotheses on p and ν , we deduce that
0 < a(p, pν) < 1, (4.4)
0 < b(p, pν) < a(p, pν) < 1, (4.5)
a
(
n
2
(p − 1), pν
)
= b(p, pν). (4.6)
Consider the map
J : Lpν(Ω) → Lp(Ω),
J (u) := uν (u ∈ Lpν(Ω)).
For any φ,ψ ∈ Lpν(Ω) such that ‖φ‖pν  r and ‖ψ‖pν  r (r > 0) we have:
∥∥ J (φ) − J (ψ)∥∥p  l(r)‖φ − ψ‖pν
with l : R+ → R+ such that
l(r) = O (rν−1)= O (r 1−a(p,pν)b(p,pν) ) as r → ∞. (4.7)
On the other hand, since p < n2 (ν − 1) < pν , by Proposition 3.2 we obtain for any T > 0
∥∥e−Htu0∥∥pν  C2t−a(p,pν)‖u0‖p (t ∈ (0, T )). (4.8)
We claim that
limsup
t→0+
tb(p,pν)
∥∥e−Htu0∥∥pν = 0. (4.9)
In fact, take a sequence {u0,m} ⊆ Lpν(Ω) such that
u0,m → u0 in L n2 (ν−1) asm → ∞.
Since {e−Ht}t0 is a continuous semigroup of contractions in Lpν(Ω), using (3.8) with p = n2 (ν − 1)
and q = pν , we obtain
limsup
t→0+
tb(p,pν)
∥∥e−Htu0∥∥pν
 limsup
t→0+
tb(p,pν)
[∥∥e−Ht(u0 − u0,m)∥∥pν + ∥∥e−Htu0,m∥∥pν]
 C2 limsup
t→0+
tb(p,pν)
[
t−a(
n
2 (ν−1),pν)‖u0 − u0,m‖pν + ‖u0,m‖pν
]= C2‖u0 − u0,m‖pν;
here use of (4.5)–(4.6) has been made. Sending m → ∞, we get (4.9).
In view of (4.7)–(4.9) we can apply Theorem 2(a) and Corollary 2.1(c) in [18]. Hence the conclusion
follows. 
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L
n
2 (ν−1)(Ω)).
(ii) Due to Theorem 2(b) in [18] we can infer that in Theorem 4.2 the conclusion remains true if,
instead of u0 ∈ L n2 (ν−1) , we suppose that u0 ∈ Lp(Ω) and
limsup
t→0+
tb(p,pν)
∥∥e−Htu0∥∥pν < K
for some positive constant K which satisﬁes
(2K )
1−a(p,pν)
b(p,pν)
T∫
0
sa(p,pν)−1−b(p,pν) < 1
and
C2
1∫
0
(1− s)−a(p,pν)sa(p,pν)−1−b(p,pν) ds K 1−a(p,pν)b(p,pν)  1.
If instead of (4.2), we suppose that
p >
n
2
(ν − 1), (4.10)
then we have the following existence and uniqueness result.
Theorem 4.4. Let ν > 1, p  1; suppose that condition (4.10) is satisﬁed. Let u0 ∈ Lp(Ω), u0  0. Then, for
some T > 0, there exists a mild solution u ∈ C1((0, T ); Lp(Ω)) to problem (1.1) such that
∥∥ta(p,pν)u(t)∥∥pν  K for any t ∈ (0, T ) (4.11)
for some K > 0. Moreover, if p  ν , then the solution is unique in C([0, T ]; Lp(Ω)).
Proof. Under the present hypotheses
0 < a(p, pν) <
1
ν
< b(p, pν).
Hence
∞∫
1
r−
1
a(p,pν) +ν−1 dr < ∞.
Then the existence of a mild solution satisfying (4.11) follows by Theorem 2(b) and Corollary 2.1(c) in
[18]. Furthermore, the uniqueness follows arguing as in the proof of Proposition 1(e) in [2]. 
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{e−Ht}t0 is a contraction semigroup also in C(Ω). Then by Theorem 5 and its subsequent remarks
in [18] it follows that the solution u, whose existence is given in Theorems 4.2 and 4.4, satisﬁes
u ∈ L∞(Ω × (τ , T )) for any τ ∈ (0, T ).
5. Existence and uniqueness of solutions of the semilinear elliptic problem
In this section we address positive radial solutions to the semilinear elliptic problem (1.2).
By standard tools of calculus of variations we have the next result (its proof will be omitted since
it is the same of the corresponding result in BR ⊆ Rn).
Proposition 5.1. Let 1 < ν < n+2n−2 . Then there exists a positive classical solution to problem (1.2).
Furthermore, by [10] if follows the following
Proposition 5.2. Let f ∈ C1([0,∞);R) and u be a positive classical solution to problem
{
Hu + f (u) = 0 in BR ,
u = 0 on ∂BR .
(5.1)
Then u is radially symmetric, namely u = u(ρ).
Consider a radially symmetric solution u to problem (1.2); then u = u(ρ) solves
{
u′′ + (n − 1) coth(ρ)u′ + uν = 0, 0 < ρ < R,
u′(0) = 0, u(R) = 0. (5.2)
Set
v(ρ) := u(ρ) sinhα(ρ) (ρ > 0),
where α := 2 n−1ν+3 . From (5.2) we have:
sinhα(ν−1) v ′′(ρ) + (n − 1− 2α) sinhα(ν−1)−1(ρ) cosh(ρ)v ′(ρ)
+ α sinhα(ν−1)−2(ρ)[(α + 1− n) cosh2(ρ) + 1]v(ρ) + [v(ρ)]ν = 0 for any ρ ∈ (0, R) (5.3)
and
v(0) = v(R) = 0. (5.4)
Deﬁne
E(ρ) := sinhβ(ρ)[v ′(ρ)]2 + 2
ν + 1 v
ν+1 + G(ρ)v2 (ρ > 0),
where
β := α(ν − 1)
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G(ρ) := α sinhβ−2(ρ)[(α + 1− n) cosh2(ρ) + 1] (ρ > 0).
It is easily seen that
lim
ρ→0+
G(ρ)
[
v(ρ)
]2 = 0;
moreover, by (5.3) we obtain
dE(ρ)
dρ
= G ′(ρ)[v(ρ)]2 (0 < ρ < R). (5.5)
By (5.4)–(5.5), for v ′(0) = 0, we have
sinhβ(R)
([
v ′(R)
]2 − [v ′(0)]2)= E(R) − E(0) =
R∫
0
G ′(ρ)
[
v(ρ)
]2
dρ. (5.6)
In view of (5.5)–(5.6), arguing as in the proof of Theorem 2 in [12] (see also that of Theorem 1
in [12]), the following uniqueness result follows.
Theorem 5.3. Suppose that there exists c ∈ [0, R] such that G is nondecreasing in (0, c] and nonincreasing in
(c, R]. Then problem (5.2) has at most one positive solution.
Notice that if G is nondecreasing or nonincreasing in (0, R], then G satisﬁes the hypothesis of
Theorem 5.3 with c = R or c = 0, respectively.
Now, let 1 < ν < ν+2ν−2 . Then it is direct to check that there hold:
0 < β < 2 (5.7)
and
α + 2− n < 0. (5.8)
Observe that
G ′(ρ) = α(β − 2) sinhβ−3(ρ) cosh(ρ)[1+ (α + 1− n) cosh2(ρ)]
+ 2α(α + 1− n) sinhβ−1(ρ) cosh(ρ)
= α sinhβ−3(ρ) cosh(ρ)ϕ(ρ) (ρ > 0), (5.9)
where
ϕ(ρ) := −β(α + 1− n) cosh2(ρ) + β − 2− 2(α + 1− n) (ρ  0).
From (5.7)–(5.8) we get
ϕ(0) = (β − 2)(α + 2− n) > 0.
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immediately implies that
ϕ > 0 in [0, c), ϕ(c) = 0, ϕ < 0 in (c,+∞), (5.10)
where for some c > 0 from (5.9) and (5.10) we deduce that G is increasing in (0, c) and decreasing in
[c,+∞). Hence by Theorem 5.3 and Proposition 5.2, we obtain the following
Corollary 5.4. Let 1 < ν < n+2n−2 . Then problem (1.2) admits at most one positive classical solution.
Remark 5.5. In Corollary 1 of Section 3 in [12] a uniqueness result analogous to Corollary 5.4 is stated
for problem (1.6). The proof is similar to that we have used, but in that case the function which plays
the same role of G has a simpler form and is increasing in (0,∞).
Remark 5.6. In [16] and [17] to prove the uniqueness for problem (1.8) it is used the fact that u is a
solution to problem (1.8) if and only if
v(x) :=
(
2
1− |x|2
) n−2
2
u(x) (x ∈ Ω)
is a solution to problem
⎧⎨
⎩v +
(
λ − n(n − 2)
4
)(
2
1− |x|2
)2
v + v 2nn−2−1 = 0 in Ω,
v = 0 on ∂Ω.
However, in order to get uniqueness for problem (1.1) with 1 < ν < n+2n−2 we cannot use such a trans-
formation, which is also true for λ = 0, since it necessarily requires ν = 2nn−2 .
6. Nonuniqueness of solutions of semilinear parabolic and elliptic problems
We shall use the next deﬁnitions.
Deﬁnition 6.1. By a singular solution to problem
{
Hu + uν = 0 in Ω,
u = 0 on ∂Ω (6.1)
we mean any function u ∈ C2(Ω \ {0}) such that
Hu(x) + uν(x) = 0 for any x ∈ Ω \ {0},
u > 0 in Ω, u = 0 on ∂Ω, lim
x→0u(x) = ∞. (6.2)
We shall prove the following
Theorem 6.2. Let 1 < ν < n+2n−2 . Then problem (1.2) has inﬁnitely many radially symmetric singular solutions.
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θ(ρ) :=
+∞∫
ρ
dξ
sinhn−1(ξ)
(ρ > 0).
Observe that
Hθ = θρρ + (n − 1) coth(ρ)θρ = 0 for any ρ > 0. (6.3)
By a direct computation, using (6.3), it is possible to get the next
Lemma 6.3. Let
v(s) := u(ρ),
where
s ≡ θ(ρ), ρ > 0.
The function u is a solution to problem
{
uρρ + (n − 1) coth(ρ)uρ + uν = 0, ρ > 0,
u(R) = 0, lim
ρ→0+
u(ρ) = ∞ (R > 0)
if and only if v is a solution to problem
{
vss + g(v, s) = 0, s > θ(R),
v
(
θ(R)
)= 0, lim
s→∞ v(s) = ∞,
where
g(v, s) := vν sinh2(n−1)[θ−1(s)] (s > 0, v > 0). (6.4)
Lemma 6.4. Let f ∈ C1([0,∞)), f  0. Let u ∈ C2(Ω \ {0}) be a nonnegative function satisfying
Hu(x) + f
(
u(x)
)= 0 for any x ∈ Ω \ {0}. (6.5)
Then f (u) ∈ L1(Ω); furthermore, there holds
∫
Ω
uHζ dμ +
∫
Ω
u f (u)ζ dμ = 0
for any ζ ∈ C∞0 (Ω), provided that u ∈ Lq(Ω) for some q nn−2 .
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ζε(x) := φ
(
ε
∞∫
ρ(x)
dξ
sinhn−1(ξ)
)
(x ∈ Ω),
where φ ∈ C∞([0,∞)) is convex, φ(0) = 1, φ(t) ≡ 0 for any t  1. Then
ζε(x) = 0 in
{
x ∈ Ω
∣∣∣ 1∫∞
ρ(x)
1
sinhn−1(ξ)
 ε
}
,
0  ζε(x)  1 for any x ∈ Ω , ζε(x) → 1 as ε → 0+ for every x ∈ Ω \ {0}. Moreover, using (6.3) it is
direct to see that
Hζε  0 in Ω. (6.6)
Multiplying (6.5) by ζε , then integrating by parts (see (2.6)) and using (6.6), we obtain:
∫
Ω
f
(
u(x)
)
ζε(x)dμ =
∫
Ω
∇gζε∇gu dμ −
∫
∂Ω
ζε〈∇gu, ν〉gν dμ′
= −
∫
Ω
uHξε dμ −
∫
∂Ω
ξε〈∇gu, ν〉g −
∫
∂Ω
ξε〈∇gu, ν〉g  C
for some positive constant C independent of ε; then by Fatou’s it follows that f (u) ∈ L1(Ω).
Now take τ ∈ C∞((0,∞)) such that τ (r) ≡ 0 for any 0  r  1, τ (r) ≡ 1 for any r  2 and 0 
τ  1 for any r > 0; put
τε(x) := τ
(
ρ(x)
ε
)
(x ∈ Ω).
The thesis follows, if we prove that
lim
ε→0+
∫
Ω
τε
[
uHζ + f (u)ζ
]
dμ = 0 (6.7)
for any ζ ∈ C∞0 (Ω). Using (6.5) and integrating by parts, we deduce that (6.7) follows, if we show
that
lim
ε→0+
∫
Ω
ζuHτε dμ = 0 (6.8)
and
lim
ε→0+
∫
u∇gζ∇gτε dμ = 0. (6.9)Ω
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∣∣Hτε(x)∣∣ C
ε2
for any x ∈ Ω. (6.10)
By (6.10), using the Hölder inequality we get
∣∣∣∣
∫
Ω
uζHτε dμ
∣∣∣∣ Cε2
∫
{x∈Ω: ρ(x)<2ε}
u dμ
 C
ε2
(∫
Ω
uq dμ
) 1
q
( ∫
{x∈Ω: ρ(x)<2ε}
dμ
)1− 1q
= C1 C
ε2
‖u‖q
( 2ε∫
0
sinhn−1(t)dt
)1− 1q
 C1C2Cεn(1−
1
q )−2 (6.11)
for some positive constants C1 and C2 independent of ε. Letting ε → 0+ in (6.11) we get (6.8); the
proof of (6.9) is similar. 
Proof of Theorem 6.2. Consider the initial boundary value problem
{
w ′′ + g(w, s) = 0, ρ > 0,
w
(
θ(R)
)= 0, w ′(θ(R))= α (6.12)
with g deﬁned in (6.4) and α > 0. We will denote by wα the solution of (6.12), when it exists.
Claim. There exists a unique α0 > 0with the following property: there exists a unique solution wα0 to problem
(6.12) with α = α0 such that
lim
s→∞ wα0(s) = L (6.13)
for some L ∈ [0,∞).
In fact, by Propositions 5.1, 5.2 and Corollary 5.4 problem (1.2) has exactly one classical radially
symmetric positive solution u = u(ρ). Therefore,
wα(s) := u(ρ)
(
s ≡ θ(ρ), ρ > 0) (6.14)
is a solution to problem (6.12) for
α = α0 = u
′(R)
θ ′(R)
> 0.
Furthermore, if for some α > 0 problem (6.12) has a solution wα satisfying (6.13), then u deﬁned
by (6.14) belongs to C2(BR \ {0}) ∩ L∞(BR) and satisﬁes (6.2) with Ω = BR . By Lemma 6.4 and
elliptic regularity theory, u must also be a classical solution to problem (1.2). Hence by Corollary 5.4
we have
wα ≡ wα0 ,
so, in particular, α = α0.
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I := {α > 0 ∣∣ sup{s > 1: wα > 0 in (1, s)}< ∞}
and
T : I → (1,∞),
T (α) := sup{s > 1: wα > 0 in (1, s)}.
Arguing as in the proof of Theorem 2 in [14] we have that I is open, T is continuous in I , T is
unbounded in any connected component of I , T is one-to-one.
Notice that, since α0 ∈ I, then I = (0,∞). It follows that the complement of I in (0,∞) contains
an interval J . In view of the Claim for every α ∈ J \ {α0} we have:
lim
s→∞ wα(s) = ∞.
Hence the conclusion follows. 
Let us make the following
Deﬁnition 6.5. By a weak solution to problem (1.1) we mean any nonnegative function u ∈
C([0, T ]; L1(Ω)) ∩ Lν(Ω × (0, T )) such that
τ∫
0
∫
Ω
(
uζt + uHζ + uνζ
)
dμdt =
∫
Ω
u(x, τ )ζ(x, τ )dμ −
∫
Ω
u0(x)ζ(x,0)dμ
for any 0< τ  T , ζ ∈ C2(Ω × [0, τ ]), ζ(·, τ ) = 0 on ∂Ω.
Using Theorem 6.2 we shall prove the following nonuniqueness result for the semilinear parabolic
problem (1.1).
Theorem 6.6. Let Ω = BR and ν = nn−2 . Then there exist inﬁnitely many u0 ∈ C2(Ω \ {0}) ∩ L
n
n−2 (Ω), with
u0 > 0 in Ω \ {0}, u0 = 0 on ∂Ω, lim
x→0u0(x) = +∞,
such that, for some T > 0, problem (1.1) has at least two weak solutions from the space C([0, T ]; Lν(Ω)).
Proof. By Theorem 6.2 there exists a singular solution v to problem (1.2). By Lemma 6.4, v ∈
L
n
n−2 (BR) and v is a weak solution to problem (1.2). Therefore v is also a stationary weak solution to
problem (1.1) with u0 ≡ v.
Since v ∈ L nn−2 (BR), by Theorem 4.2 with 1< p < nn−2 and ν = nn−2 , there exists a mild solution u
to problem (1.1) with u0 ≡ v; furthermore, by Remark 4.3(i), u ∈ C([0, T ]; Lν(BR)), since u0 ∈ Lν(BR).
This implies that u is also a weak solution to problem (1.1).
Hence both v and u are weak solutions to problem (1.1) with u0 ≡ v . Furthermore, since
lim v(x) = ∞,
x→0
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the proof. 
Remark 6.7. Observe that, as well as it occurs in [14] for the stationary singular solution to prob-
lem (1.3), the solution v considered in the proof of Theorem 4.2 cannot be a mild solution to
problem (1.1), in view of Remark 4.5. Hence the uniqueness statement in Theorem 4.2 is not in con-
trast with Theorem 6.6.
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